This paper presents an approach to the development of a scaled wind tunnel model for static aeroelastic similarity with a full-scale wing model. The full-scale aircraft model is based on the NASA Generic Transport Model (GTM) with flexible wing structures referred to as the Elastically Shaped Aircraft Concept (ESAC). The baseline stiffness of the ESAC wing represents a conventionally stiff wing model. Static aeroelastic scaling is conducted on the stiff wing configuration to develop the wind tunnel model, but additional tailoring is also conducted such that the wind tunnel model achieves a 10% wing tip deflection at the wind tunnel test condition. An aeroelastic scaling procedure and analysis is conducted, and a sub-scale flexible wind tunnel model based on the full-scale's undeformed jig-shape is developed. Optimization of the flexible wind tunnel model's undeflected twist along the span, or pre-twist or wash-out, is then conducted for the design test condition. The resulting wind tunnel model is an aeroelastic model designed for the wind tunnel test condition.
I. Introduction
Due to recent strides in the development of light-weight materials, the aircraft industry has been investigating the possibility of reducing airframe weight to increase energy efficiency. Reduction of the aircraft weight translates into a lower lift requirement and in turn, reduces induced drag, thrust requirements, fuel burn, and cost. These modern materials, such as advanced composites, are able to maintain the same load-carrying capacity of conventional airframe material selections. The provided structural rigidity of these materials, however, can be reduced. It becomes increasingly important for these modern designs to take into account the aeroelastic interactions of flight aerodynamics and the flexible aircraft structures within flight. These aeroelastic interactions can potentially degrade aerodynamic efficiency, and thus must be accurately modeled and analyzed.
A NASA conceptual study titled "Elastically Shaped Future Air Vehicle Concept" was conducted in 2010 1 to investigate the potential benefits of several advanced concepts of a transport aircraft. The study showed that there exists potential benefits in shaping wing surface aeroelastic deformation actively in flight with control. In designs where structural flexibility is lessened, active wing shaping control can be used to tailor a wing's aeroelastic shape. The results of the study, however, also showed that conventional flap and slat devices are not aerodynamically ideal as control surfaces for active wing shaping control. 1 A novel control surface known as the Variable Camber Continuous Trailing Edge Flap (VCCTEF) system was proposed as a new control surface candidate. 1 Under the Fixed Wing project Active Aeroelastic Shape Control (AASC) element, NASA and Boeing are currently conducting a joint study to investigate the application of the VCCTEF system 2, 3 on a commercial transport class aircraft. The goal of the VCCTEF study is to investigate the applicability of the VCCTEF as a method to optimize the wing's spanwise twist shape to establish the best lift-to-drag (L/D) ratio during any point within the flight envelope. This offers a significant advantage over the majority of conventional commercial aircraft wing designs which are twisted for a set cruise condition and cannot be retailored within flight.
The VCCTEF is implemented on a model of the GTM 4 with structural flexibility of the wing considered, herein referred to as the Elastically Shaped Aircraft Concept (ESAC). As investigation of the VCCTEF system continues, wind tunnel testing as a method to gauge the potential of the new control surface has been proposed. In the current efforts, NASA and Boeing have joined together with the University of Washington Aeronautical Laboratory (UWAL) to evaluate the VCCTEF in a subsonic wind tunnel test. A procedure for modeling the development of a wind tunnel model configuration using software and numerical tools is developed in order to facilitate decision making with regard to wind tunnel testing. This paper describes the approach for analyzing and scaling the full-scale ESAC wing to model a wind tunnel model configuration prior to inclusion of the VCCTEF. A static aeroelastic model is developed based on the ESAC wing's jig-shape for the candidate wind tunnel model. The model is based on mimicking the aeroelastic behavior of full-scale ESAC wing, but higher wing tip deflection is desired of approximately 10% of the wing semi-span. The model utilizes a one-dimensional structural model of the the wing structure as a beam in coupled bending-torsion. 5, 6 Finite-element method (FEM) will be used to formulate a discretized weak-form solution to the structural equations. [6] [7] [8] [9] Vortex-lattice will be used to conduct the aerodynamic modeling and determine the loads over the wing surface. FEM and vortex-lattice are coupled together in structural-aerodynamic loops to generate the aeroelastic model.
Design of the wind tunnel model configuration is completed with optimization of the wing twist of the undeformed wind tunnel model, or wing pre-twist, along the span. This optimization is conducted so that the wind tunnel model will experience maximum L/D or minimum induced drag at the wind tunnel test condition. A gradient-based optimization using the conjugate directions method and one-dimensional line searches is applied. The resulting wind tunnel model is thus a scaled static aeroelastic clean wing model designed for the wind tunnel conditions.
II. Elastically Shaped Aircraft Concept
The elastically shaped aircraft concept (ESAC) is modeled as a notional single-aisle, mid-size, 200-passenger aircraft based on the NASA Generic Transport Model 4 configuration. The GTM is a research platform that includes a wind tunnel model and a remotely piloted vehicle, and the geometry of the ESAC is obtained by scaling up the GTM wind tunnel model geometry by a scale of 200:11. Figure 1 is an illustration of the GTM planform. The reason for selecting the GTM as a starting point is that an extensive wind tunnel aerodynamic database 4 exists that can be used in analysis. The benchmark configuration represents one of the most common types of transport aircraft in the commercial aviation section that provides short-to-medium range passenger carrying capacities. In the aeroelastic model of the ESAC, the wing is allowed to freely deform based on reference B757 wing stiffness values and the GTM jig-shape planform.
As an active wing shaping control surface, the VCCTEF is implemented on the ESAC jig-shape wing. The VC-CTEF is divided into 14 sections attached to the outer wing and three sections attached to the inner wing for each side, as shown in Fig. 2 . Each 24-inch section has three camber flap segments that can be individually commanded, as shown in Fig. 3 . These camber flaps are joined to the neighboring sections by using a flexible and supported material (shown in blue), which deforms and provides smooth transitions between flap sections without drag producing gaps present on most control surfaces of existing aircraft. The flexible skin materials that cover the spanwise camber flap sections also constrain the flap deflections such that the relative flap deflections between any two adjacent spanwise flap sections are limited. More information on the VCCTEF concept can be found in references. 2, 3 By early 2013, UWAL had begun investigation into the construction of a wind tunnel wing concept equipped with the VCCTEF configuration. This tunnel test was aimed to analyze the behavior of a highly flexible sub-scale model and gauge the usage of the VCCTEF as a control surface. A subsonic wind tunnel test at the UWAL facilities was planned. A notional diagram representing how the proposed test will be conducted is shown in Fig. 4 . The proposed wind tunnel test is a floor-mounted test where the semi-span wing model is limited based on the height of the wind tunnel test chamber at approximately six feet. For a model of this size, the wind tunnel dynamic pressure is chosen to be q ∞,w = 20 lb f ft 2 . As joint efforts between NASA, Boeing, and UWAL proceeded, candidate wind tunnel planforms needed to be designed. A preliminary wind tunnel model concept with five sections of VCCTEF is represented in Fig. 5 . Because construction of the 17 VCCTEF sections (14 on outer wing, three on inner wing) would be intensive on a sub-scale model, a representation of the VCCTEF would be used instead. Instead of construction of 17 segments, the number is reduced and the inner high lift sections are not included. As a response to the need to design a wing model to meet the UWAL wind tunnel test requirements, an aeroelastic model of a full-scale "wing alone" design is initially generated. Because a candidate wind tunnel model configuration does not possess any airframe structures other than the wing, a symmetric model based on GTM geometry that has no fuselage, tails, engine nacelles, or pylons is created. The symmetry of the model is only maintained to facilitate aerodynamic modeling.
A water-tight geometry is generated by creating a new airfoil section at the fuselage-wing intersection station and shifting the jig-shape wing root to the aircraft centerline. The average location of the intersection between the fuselage wing box and the wing on the ESAC is estimated to be 6.1708 ft along the Body Butt Line (BBL) from the aircraft centerline. The dihedral of the ESAC wing is preserved, and the new wing alone model still possesses a Γ = 5 • dihedral. As an idealization, the curved wing tip of the original jig-shape geometry is also removed and replaced with an "idealized straight wing tip". This is not expected to have much impact on the overall wing alone model's aerodynamics and is conducted only to prevent any issues with the vortex-lattice modeling and analysis. The wing alone reference area is obtained by integrating the chord over the semi-span and multiplying by a factor of 2. Let y B represent the coordinate on the wing along the aircraft pitch axis running from the aircraft centerline outwards towards the right wing tip (seen in Fig. 8 as the b b b 2 direction). The subscript f is used to refer to quantities related to the full-scale wing alone model.
In the wing alone model, the wing reference area does not include the "fictitious" area that would have been covered by the fuselage of the full-scale wing generally included in trapezoidal area estimate of a wing.
The mean aerodynamic chord is also obtained through integration.
The wing aspect ratio is determined using the span and reference area.
The taper ratio is obtained using the root and tip chord values. 
III. Wing Structural Modeling
A structural model of the wing using beam theory is developed which is later incorporated into a fully coupled structural-aerodynamic aeroelasticity model. Figure 8 illustrates three orthogonal views for a typical aircraft and several associated reference frames. These reference frames are useful in developing the structural models of the lifting surfaces of an aircraft, although the coordinate frames associated with the aircraft wings are primarily used in this analysis. The aircraft body-fixed reference frame B is defined by the unit vectors b b b 1 , b b b 2 , and b b b 3 which are aligned with the aircraft roll, pitch, and yaw axes, respectively.
A. Reference Frames
The reference frame C is aligned with the right wing's elastic axis and is defined by the unit vectors c c c 1 , c c c 2 , and c c c 3 . Let Λ be the sweep of the elastic axis. The B frame can be related to C through three successive rotations: 1) the first rotation about 
The analysis can be repeated for the left wing. The reference frame D is aligned with the left wing's elastic axis and is defined by the unit vectors d d d 1 , d d d 2 , and d d d 3 . The B frame can be related to D through three successive rotations: 1 by an angle of π to result in the reference frame D. The relationship can be expressed as ⎡
B. Elastic Axis
An analysis of the combined motion of the left wing is conducted in the present section, and the motion of the right wing is considered to be equivalent for symmetric flight. This analysis is equivalent to that in a previous study and is included for completeness. 6 Let x represent the coordinate along the elastic axis of a wing running from root to tip. The wing pre-twist angle γ(x) thus represents the incidence of the airfoil section at the corresponding elastic axis coordinate. A typical wing pretwist varies from nose-up at the wing root to nose-down at the wing tip and is commonly referred to as a "wash-out" twist distribution.
The internal structure of a wing is typically composed of a complex arrangement of load carrying spars and wing boxes that carry the stresses and strains introduced by aerodynamic forces and aeroelastic deflections. For this analysis, an equivalent beam approach is used which models the wing's elastic behavior using equivalent stiffness properties. It is a common approach in analyzing aeroelastic deflections 7 and can be used to analyze high aspect ratio wings with good accuracy. The effect of wing curvature is ignored and straight beam theory is used to model the wing deflection. The axial or extensional deflection of a wing is also generally very small and is neglected. 
where η and ξ are the local airfoil coordinates and γ is the wing section pre-twist angle, positive nose-down. 10 Differentiating with respect to x gives
Let Θ be a torsional twist angle about the x-axis, positive nose-down, and let W and V be flapwise and chordwise bending deflections of point Q, respectively. Then, the rotation angle due to the elastic deformation can be expressed as
where the subscript x denotes the partial derivatives of Θ, W , and V .
Let (x 1 , y 1 , z 1 ) be the coordinates of point Q on the airfoil in the reference frame D. Then the coordinates (x 1 , y 1 , z 1 ) are computed using the small angle approximation as ⎡ ⎢ ⎣
Differentiating x 1 , y 1 , and z 1 with respect to x yields ⎡ ⎢ ⎣
Neglecting the transverse shear effect, the longitudinal strain is computed as 11
where
Ignoring the second-order terms and using Taylor series expansion, s 1,x is approximated as
The longitudinal strain is then obtained as
For a small wing twist angle γ, (γ ) 2 ≈ 0. Then longitudinal strain can be expressed as
The moments acting on the wing are then obtained as 11 
where E is the Young's modulus; G is the shear modulus; γ is the derivative of the wing pre-twist angle; I yy , I yz , and I zz are the section area moments of inertia about the flapwise axis; J is the torsional constant; and B 1 , B 2 , and B 3 are the bending-torsion coupling constants which are defined as ⎡ ⎢ ⎣
The strain analysis shows that, for a pre-twisted wing, the bending deflections are coupled to the torsional deflection via the slope of the wing pre-twist angle. This coupling can be significant if the wash-out slope γ is dominant as in highly twisted wings such as turbomachinery blades.
C. Aeroelastic Angle of Attack
The aeroelastic angle of attack is the effective angle of attack of a flexible wing section that is undergoing aeroelastic deformation defined by elastic axis twist Θ, flapwise bending W , and chordwise bending V . It can be calculated by solving for the relative velocity of air as it approaches a wing section perpendicular to the elastic axis. The aeroelastic angle of attack encompasses a wing section's rigid local angle of attack and the contribution due to wing elastic deformation, and also governs the aerodynamic forces and moments on a local wing section. The local angle of attack depends on the relative approaching air velocity, the rotation angle φ φ φ , and the relative air velocity in turn also depends on the deflection-induced velocity. The velocity at point Q due to the aircraft velocity and angular velocity in the reference frame D is computed as For a trim case where β = 0, p = q = r = 0, then ⎡ ⎢ ⎣
The local velocity at point Q due to both aircraft rigid-body dynamics and aeroelastic deflections in the reference frame D is obtained as
where (x, y, z) are the coordinates for the point Q in the reference frame D without any aeroelastic deflection.
For static aeroelasticity, all the velocity components of the aeroelastic deflections are set to zero. Thus, v x = x t , v y = y t , and v z = z t .
In order to compute the aeroelastic forces and moments, the velocity must be transformed from the reference frame D to the airfoil local coordinate reference frame defined by (μ, η, ξ ). The transformation can be performed using successive rotation matrix multiplication operations as ⎡
for small deflections.
The local aeroelastic angle of attack α c on the airfoil section due to the velocity components v η and v ξ in the reference frame D is computed as
where w i is the downwash due to the three-dimensional lift distribution over a finite-aspect ratio wing. The velocity components arev
The local aeroelastic angle of attack is evaluated as
Assuming a trim case, let u ≈ V ∞ and w ≈ V ∞ α. Neglecting chordwise bending components, V , V x , and also neglecting the three-dimensional finite-wing effect, w i , allows α c be expressed as
Eliminating higher order terms results in the aeroelastic angle of attack expressed as
This can be re-expressed after applying small angle approximation in terms of partial derivatives as
The aeroelastic deflections terms W x and Θ contribute to aerodynamic stiffness.
D. Coupled Bending-Torsion Equations
Without considering chordwise bending of the wing, the equilibrium conditions for bending and torsion are expressed
where m x is the pitching moment per unit span about the elastic axis, f z is the lift force per unit span, and m y is the bending moment per unit span about the flapwise axis of the wing. Because the structural modeling is intended for use in a static aeroelasticity model, a steady-state aerodynamics model is used. Aerodynamic information can be obtained through vortex-lattice modeling to develop the forces and moments for coupled bending-torsion of a flexible wing. Neglecting the effect of downwash that is caused due to lift generation over a three-dimensional finite-wing, the lift coefficient over the span of a clean wing assuming linear aerodynamics is as follows:
where α c is the aeroelastic angle of attack as shown in Fig. 10 , assumed to be constant for airfoil cross sections perpendicular to the elastic axis and only a function along the wing such that α c = α c (x).
The aeroelastic angle of attack α c can be expressed as contributions due to aircraft rigid-body angle of attack α as well as the contribution due to aeroelastic deformation. Let α r represent the contribution the aeroelastic angle of attack due to rigid-body considerations including airfoil shape, and α e represent the effect on the local aeroelastic angle of attack due to aeroelastic deformation at the aerodynamic center of the airfoil section. Based on Eq. 33 and neglecting chordwise bending and assuming dihedral is small, α r and α e can be represented as
where both α r and α e are about the pitch axis direction, positive nose-up. The rigid and elastic lift coefficient contributions to the local sectional lift coefficient of the elastic axis airfoil cross sections can be expressed as
It is also important to note that the elastic contribution α e to the local aeroelastic angle of attack α c can be represented based on the partial derivatives calculated in Eqs. 36 and 37. Given a deformation characterized by elastic axis twist Θ and vertical bending slope W x , the elastic contribution to the aeroelastic angle of attack can be calculated as
where α e is about the aircraft pitch axis. This applies for the static case using the assumptions and simplifications applied in derivation of α c . The steady-state drag coefficient can be modeled by a parabolic drag polar as
where c D 0 is the section parasitic drag coefficient and k is the section drag polar parameter. Likewise, the pitching moment coefficient about the aircraft pitch axis can be represented as
where e is the location of the aerodynamic center relative to the elastic axis along the body axis, positive when the aerodynamic center is forward of the elastic axis, and c m ac is defined about the pitch axis, positive nose-up. Expanding Eq. 48 using the aeroelastic angle of attack α e definition in Eq. 33 produces
which allows us to define the following quantity
The lift force, drag force, and pitching moment about the aircraft pitch axis are expressed as
where cos Λ takes into account the correction due to the elastic axis sweep but is not needed in the pitch moment calculation since Eq. 48 is already about the pitch axis. The forces and moments in the local coordinate reference frame are obtained as
For a model with only flapwise bending and torsion considered, the beam deflection analysis the only aerodynamic force and moment terms that have an effect are the terms f a z , m a x , and m a y . For this analysis, the aerodynamic force and moment terms are thus considered to be
where an additional cos Λ term considers the change in the direction of q ∞ over the wing due to sweep. Inserting Eq. 17 and the force and moment terms Eqs. 60-62 into the governing equilibrium equations Eqs. 38 and 39, the following equations can be used to describe the coupled bending and torsion motion of the wing:
Although the wing alone model is modeled as a symmetric wing in a horizontal plane, the actual wing tunnel model will be only a semi-span wing mounted in a vertical plane. Gravitational forces on the wing alone and candidate wind tunnel model are thus ignored. There are also no engines on the model, and thus the only forces and moments being considered in the aeroelastic model are from aerodynamic and inertial sources.
IV. Finite-Element Modeling
The development of the coupled bending-torsion partial differential equations describing the wing allows for wing bending and torsional deflections to be solved. FEM 9 is used as a numerical technique that uses locally-defined basis functions to numerically approximate the solution of the governing partial differential equations. The FEM is used to discretize the wing structure into n equally spaced one-dimensional elements. The bending and torsional deflections can be approximated as
where i refers to the i-th element. For each element, the bending and torsional deflections are approximated as
where the subscripts 1 and 2 denote values at nodes 1 and 2, and ψ j (x), j = 1, 2 and φ k (x), k = 1, 2, 3, 4 are the linear and Hermite polynomial shape functions
where x ∈ [0, 1] is the local coordinate and l = L n is the element length. The weak-form integral expressions of the coupled bending-torsion partial differential equations are obtained by multiplying the equations by N T θ (x) and N T w (x) and then integrating over the wing span. The aerodynamic coefficients are expanded here based on the aeroelastic angle of attack representation in Eq. 33 and using Eq. 49. This yields
The expressions of the left hand sides can be integrated by parts upon enforcing the boundary conditions, resulting inˆl
The elemental mass matrix, stiffness matrices, and force vector are then established as
where K s is the structural stiffness matrix and K a is the stiffness matrix due to the result of aerodynamics. The moment component due to lift eccentricity that contributes to bending terms in K a are neglected. The globally assembled system is described by the matrix equation
represents the governing equation for solving the structural deflection of a flexible wing given aerodynamic force and moment inputs. By settingẋ e = 0 0 0, the equilibrium solution for x e can be obtained through inverting the stiffness matrix and pre-multiplying the force matrix. Information can then be extracted from the solution including the wing's deflection along the elastic axis of the wing Θ and W . It can also be used to calculate the elastic contribution to the aeroelastic angle of attack α e in Eq. 33.
Without considering the effect of aeroelastic coupling that results in the aerodynamic stiffness matrix K a , a wing structural deflection can be solved by
Aeroelastic deflection of the wing can be calculated by including the aerodynamic stiffness. The aeroelastic solution is represented by the termx e to differentiate it from x e , which is structural deflection calculated without using the aerodynamic stiffness matrix.x
The term F r represents the force matrix in the FEM that is constructed solely based on the aerodynamic characteristics of the undeformed wing. Thus, Eq. 85 represents a method in which the aeroelastic deformation of a wing can be solved solely using the rigid wing aerodynamic loads and properties. While this is a powerful framework, another approach exists that involves updating the force matrix in the FEM instead of utilizing the rigid wing properties.
Let F represent the load on the wing due to the rigid planform and the incremental effect due to aeroelastic deformation. The force F can be represented as
where x e is the deflection of the wing. Aeroelastic deformations can be calculated by an iterative technique where
e →x e as k increases (87) where the force vector F k is estimated using computational aerodynamic modeling tools to calculate the loads on the deformed geometry. This approach, which is used in this study, requires an aerodynamic modeling tool to be run coupled with the FEM model. One of the advantages of using this method is that the aircraft and sectional characteristics are estimated for the deformed geometry, instead of using the assumption that they remain constant at the rigid wing values. This can also provide a better estimate of the effect of K a than the analytical model developed.
V. Vortex-Lattice Aerodynamic Modeling
Vorview is a computational tool used for aerodynamic modeling of aircraft configurations using vortex-lattice method. 12 Based on lifting line aerodynamic theory, Vorview provides a rapid method for estimating aerodynamic force and moment coefficients. Geometric input vehicle configuration are constructed within Vorview by discretizing the surface into a series of panels, which are then represented by placement of spanwise and chordwise locations of bound or horseshoe vortices. Vorview computes the vehicle aerodynamics in both the longitudinal and lateral directions independently, and these can be combined to produce the overall aerodynamic characteristics of the vehicle at any arbitrary angle of attack and angle of sideslip.
Vorview is considered a medium fidelity tool, and limitations associated with vortex-lattice modeling in general apply to Vorview aerodynamic analysis. The drag prediction by Vorview is most reliable only for induced drag prediction due to the inviscid nature of any vortex-lattice method. Prediction of viscous drag due to boundary layer separation and wave drag due to shock-induced boundary layer separation are generally not conducted by vortexlattice, and viscous drag must be estimated using other methods.
In addition to force and moment analysis, Vorview can provide a rapid estimation of aerodynamic derivatives including dynamic derivatives due to angular rates. These aerodynamic stability and control derivatives are useful in analyzing the stability and handling characteristics of an aircraft configuration. Owing to the computationally efficient vortex-lattice method, aerodynamic derivatives can be estimated in Vorview fairly quickly. A flight dynamic model for a given vehicle configuration can be easily developed with Vorview using the results from these stability and handling analyses. Vorview has been validated by both wind tunnel data 4 as well as the NASA Cart3D tool, 13 which is a high-fidelity inviscid (Euler) CFD analysis code targeted at analyzing aircraft performance in conceptual and preliminary aerodynamic design. In general, both Vorview and Cart3D seem to have similar predictive capabilities when compressibility is not a factor. Figure 11 illustrates an aerodynamic model of the GTM in Vorview.
Figure 11. GTM Aircraft Model in Vorview
In this study, Vorview will be utilized as the primary tool for conducting aerodynamic modeling for the aircraft configurations. Total aircraft characteristics as well as sectional data along the aircraft wing surfaces can be postprocessed from Vorview.
VI. Automated Geometry Modeling Tool
An automated geometry generation tool is developed in Matlab that is used to close the loop between the structural and aerodynamic modeling needed to generate an aeroelastic model. The geometry generation tool uses structural deflection data that is computed by the FEM model and applies it to the undeformed aircraft wing geometry to reflect static aeroelastic deflections. The vehicle geometry modeler directly outputs a geometry input file that can be read by Vorview when computing an aeroelastic solution. 14 The vehicle geometry modeler has access to the outer mold line of the aircraft geometry. It is capable of applying geometric transformations onto the outer mold coordinates of the wing's jig-shape to simulate aeroelastic deflection. Neglecting chordwise bending deflection and utilizing the coordinate system of the left wing developed earlier (coordinate frame D), the aeroelastic deflections in bending and torsion are in expressed in a vector form as
The coordinate reference frame (x, y, z) of the left wing is related to the coordinate reference frame (
Thus, the aeroelastic deflections result in a wing twist expressed as an incremental angle of attack Δα (positive nose-up), a horizontal deflection Δy V (positive deflection towards wing tip), and a vertical deflection Δz V (positive displacement upward) as follows:
A coordinate transformation to account for wing aeroelastic deflections is performed by rotating a wing section about its elastic axis by the incremental angle of attack Δα and then translating the resultant coordinates by the horizontal deflection Δy V and the vertical deflection Δz V .
Note that the transformation for Δα is equivalent to the value of α e , the local change in the angle of attack for a wing section due to aeroelastic deformation represented by Eq. 46, when dihedral Γ is small.
VII. Static Aeroelastic Model
In a standard static aeroelastic model, it is understood that the modeling effort needs to take into account that structural deformations during flight will alter the aircraft aerodynamics, and changing the aerodynamics will thus change the structural deformations. This realizes an aeroelastic model where coupling exists between the structural modeling and aerodynamic modeling approaches. Previous studies have analytically constructed fully coupled aeroelastic finite-element models that utilize rigid wing lift-curve slopes as an aerodynamic model. 5, 6 This study employs a static aeroelastic model that is constructed by utilizing a structural FEM model coupled with a vortex-lattice solution.
A static aeroelastic code is developed by utilizing the automated geometry generation modeling tool to close the loop between the FEM model and the vortex-lattice model using Eq. 87. For a model considering only flapwise bending and axial torsion, the aeroelastic deflection can be summarized by the quantities ofΘ(x),W (x),W x (x), the aeroelastic elastic axis twist, aeroelastic vertical (flapwise) bending, and aeroelastic vertical bending slope respectively. These quantities are emphasized to be aeroelastic deflections, while the terms Θ(x), W (x), W x (x) are considered structural deflection terms which may or may not be the aeroelastic solution for a given flight condition. Closing the static aeroelastic loop causes the the structural deflections Θ(x), W (x), W x (x) to converge to the aeroelastic solution Θ(x),W (x),W x (x) as iterations are conducted. The structural and aeroelastic deformations can also be represented by the elastic contribution to the aeroelastic angle of attack in Eq. 46, or α e (x) andᾱ e (x). 3. The geometry generation tool converts Θ(x) and W (x) into the series of deformations α e (x), Δy V (x), and Δz V (x), and generates a new aircraft geometry with the deformed wing.
4.
A lift curve is generated based on the deflected wing aircraft geometry. The angle of attack α for the valueC L is determined and selected for the next iteration.
Steps 1-4 are repeated until Δα between iterations is within a criteria.
This converged solution is represented by the angle of attackᾱ that the flexible wing model would need to have a lift coefficient ofC L . The wing shape at the converged flight condition is the converged aeroelastic deflectionΘ,W ,W x , andᾱ e . The model is used to determine the full-scale wing alone model's static aeroelastic deflection using the baseline stiffness values. A cruise flight condition for the full-scale ESAC is considered to be at Mach = 0.797, altitude h = 36, 000 ft, with a wing loading of W S re f = 210,000 lbs 1951 ft 2 corresponding to a designC L = 0.510. The code is first run restricting any coupled structural-aerodynamic loops. This solution thus represents the case where the structural deflections do not affect aerodynamics experienced on the flexible wing, or a model where the aerodynamics correspond to the rigid planform only. The deflection results are presented as W tip and Θ tip , where W tip is the wing tip vertical deflection (positive upwards), and Θ tip is the wing tip twist about the elastic axis (positive nose-down). These results are summarized in Table 1 . The model is then used to determine the aeroelastic deflection allowing the structural-aerodynamic loops. The results are summarized in Table 2 
VIII. Wind Tunnel Model Scaling
A candidate wind tunnel model is generated from conducting scaling of the full-scale wing alone model. Scaling must be conducted considering several factors and desired characteristics.
A. Geometric Scaling
Geometric scaling of the wing alone model is conducted so that the wind tunnel model can fit within the wind tunnel. Given a desired wind tunnel model, a geometric scaling factor n scale can be determined based on the span of the fullscale wing alone model b f and the desired span of the wind tunnel model b s . The subscript w hereinafter refers to the sub-scale wind tunnel model characteristics.
Suppose a wind tunnel height is given to be 6 ft and a desired wind tunnel model semi-span is 5.4219 ft. A geometric scaling factor can be determined by:
The geometric scaling factor can be used to scale all the coordinates of the full-scale wing alone model that is used by the geometry generation tool. The reference values for the sub-scale wind tunnel model can also be obtained through the scaling factor.
The aspect ratio and the taper ratio remain unchanged.
AR w = 7.6000 (97)
The geometric scaling is not expected to affect the aerodynamics of the models given that all the reference values are correctly computed. To verify this, the lift and drag curves for the full-scale model are generated and compared to that of the scaled down wind tunnel model. Note that the drag polar only includes vortex-lattice computed drag. The lift curve and drag polar for the geometrically scaled down wind tunnel model rests almost exactly on top of that of the full-scale wing alone model. This indicates that the scaling was done properly such that the total aerodynamics of the two models are preserved with geometric scaling.
B. Aeroelastic Scaling
Aeroelastic scaling is conducted to determine the scaling factors on the wing's stiffness properties. From the results in Tables 1 and 2 , it can be seen that for a flexible wing model, structural-aerodynamic coupling changes the deformation result. It can even be modeled that aerodynamic considerations make the wing model stiffer in bending and softer in torsion while coupling the two motions, 6 and this can be deduced from observing the terms in Eq. 81. Because the magnitudes of the deformations are generally similar when the total load over the wing is maintained, an uncoupled model will be used for preliminary sizing. This approach simplifies the scaling process and allows the torsional and bending stiffness of the wing to be analyzed separately due to the fact that the B 1 and B 2 terms in Eq. 18 are considered to be negligible, removing any coupling between the two deformations.
Torsional Stiffness Scaling
It is known that the structural deformation is calculated using the system equation given by Eq. 83. In the spirit of the finite-element analysis previously presented, if a single element modeled with constant structural properties is considered with a fixed end, the static deflection equation can approximated by
where the value of k s,torsion is related to to the torsional constant J, k s,torsion ∝ GJ l where l is the length of the beam element.
In designing the wind tunnel model from the full-scale wing alone, it is desired that the relative elastic axis twist of the wing alone and the wind tunnel model are equal. That is, for each beam element:
Let k t = k s,torsion and f t = f a,torsion ,
The force terms are expanded into the aerodynamic contributions, and S e is the reference area for an element based on Eq. 82. 
It is also known that the geometric parameters of the flying wing and the wind tunnel model are related through the value n scale thus allowing us to formulate a relationship between the torsional constants.
Thus the value r torsion is defined as a scaling factor on the GJ of the flying wing model when scaling for the wind tunnel model where r torsion = 1
The static structural deflection for the full-scale and the scaled down model with the application of the scaling factor r torsion are tabulated in Table 3 . It is shown that the application of the torsional scaling factor is able to match the relative elastic axis twist relative to the span for both models when examined using an uncoupled structuralaerodynamic model.C In this analysis, the relative twist per semi-span was preserved in Eq. 100, and this is one of two ways in which torsional stiffness scaling can be conducted. Another approach for conducting the scaling would be instead to preserve the magnitude of the twist, or θ f = θ w (110)
Following the same derivation process shown before, Eq. 104 becomes can be used.
Vertical Bending Stiffness Scaling
Scaling the vertical bending stiffness EI yy is conducted similar to the torsional stiffness scaling. In the development for this wind tunnel model, however, the bending stiffness is desired to be scaled such that a 10% tip deflection relative to half of the span is achieved. For a beam element undergoing bending, the deflection can be given by
The value of k s,bending is given by the relationship k s,bending ∝ EI yy l 3 where l is the length of the beam element. Let k b = k s,bending and f b = f a,bending . Let an additional scaling factor n bending be defined to increase the tip deflection to 10% relative to the model's semi-span.
Vertical bending from aerodynamic sources is due mainly from the sectional lift coefficient. Ignoring the contribution to the vertical bending force due to the component of pitching moment, the bending force on a beam element can be represented as f a,bending = c L q ∞ cos 2 ΛS e (121)
Thus the value r bending is defined as a scaling factor on the baseline EI yy when scaling for the wind tunnel model where r bending = 1 n bending n 4 scale . Table 4 shows the results for the wind tunnel model's static structural deflection when computed without any structural-aerodynamic coupling and with the application of the scaling factors derived. It can be seen that when the scaling factors are applied, a 10% wing tip deflection is achieved on the wind tunnel model. 
Dynamic Pressure Effects
A limitation in wind tunnel tests is that wind tunnel facilities may not be equipped to run at Mach numbers as high as the cruise condition of a full-scale aircraft. While use of a transonic wind tunnel can be used to test a model at high Mach number and high dynamic pressure q ∞ , operational and usage times at these facilities are very costly. For the VCCTEF study, it is not necessary that the wind tunnel model will need to run at high dynamic pressure provided that the elastic stiffness is scaled such that the lower dynamic pressure at the wind tunnel test speed is accounted for. Let the value q ∞, f represent the dynamic pressure of the wing alone model at a cruise Mach number and altitude. Let the value q ∞,w represent the dynamic pressure of the wind tunnel model, which is restricted based on the wind tunnel test configuration.
If the wind tunnel dynamic pressure is the same as the wing alone model's, the load on the wind tunnel model must be scaled to be the value W w using the relationship:
However, the wing loading on the wind tunnel model must be adjusted to take into account the change in dynamic pressure to preserve the lift coefficient C L . Multiplying Eq. 125 by the dynamic pressure ratio q ∞,w q ∞, f , a new value for the load W w for a designC L can be determined.
With respect to the torsional stiffness, the analysis beginning with Eq. 100 is still valid. However, the assumption that the dynamic pressure value q ∞ remains constant in Eq. 106 is no longer valid. Instead, the analysis needs to be adjusted as follows:
The bending analysis is also altered from Eq. 122.
It can be seen that in test situations where the wind tunnel dynamic pressure cannot be the same as the full-scale flight condition, an additional factor equal to the dynamic pressure ratio q ∞,w q ∞, f must be added to the stiffness scaling factors r torsion and r bending such that
Mach Number Effects
The above analysis considers the case where the change in the dynamic pressure from q ∞, f to q ∞,w does not affect the aerodynamic coefficients. That is, c m ac , f = c m ac ,w = c m ac and c L, f = c L,w = c L . This assumption allows for the clean derivation of the analyses above. In reality, the change in the dynamic pressure affects the Mach number of the flight condition, which affects the aerodynamic coefficients.
If the wind tunnel is operating at a different dynamic pressure q ∞,w and at ambient sea level altitude, the Mach number of the wind tunnel model can be calculated.
This Mach number M w is different than the Mach number M f of the full scale wing alone model and is expected to be lower. This affects the aerodynamic coefficients.
The aerodynamic data for the wind tunnel model is obtained for two different flight conditions, assuming a rigid undeformed wing planform. The lift curve of the wind tunnel model at both flight conditions are compared. The results show that the total aircraft C L α is different as a result of the Mach number effect, which is to be expected due to compressibility. A higher angle of attack for level flight is required to achieve the sameC L = 0.510 at the lower Mach number as well. The spanwise lift c l and moment c m ac distributions are shown in Fig. 16 . The spanwise lift distributions are similar in magnitude due to the fact that the overall load is maintained atC L = 0.510, but it is observed that the load shifts slightly outboard at the higher Mach number. The spanwise distribution of c m ac is drastically different between the flight conditions. At the lower Mach number, the values of c m ac are much lower. Thus, the aeroelastic scaling for the wind tunnel model will require consideration that Mach number effects can alter the spanwise c m ac .
The scaling analysis conducted for bending still holds because c m ac does not affect the derivation of Eq. 136. However, additional analysis is required for aeroelastic scaling of torsion. The analysis is modified from Eq. 127. It can be seen that c mr, f and c mr,w are opposite in sign for all locations along the span when scaling from M f = 0.8. This indicates that the ratio c mr, f c mr,w is generally negative along the span. The Mach number effects prevent the wind tunnel model's tip twist at the wind tunnel condition to be scaled to the cruise M = 0.8 condition.
Coupled Model Considerations
The above analysis is intended for models that do not possess a coupled aerodynamic-structural nature and can be readily applied to problems where bending and torsion do not exhibit strong coupling. The actual static aeroelastic problem for the wind tunnel model possesses both coupling with an aerodynamic model, and the structural bending and torsion modes are also coupled together as a result of aerodynamic stiffening and softening.
Development of an analytical estimate for a scaling factor for the coupled model can be extremely intensive. Instead, additional factors r 1 and r 2 representative of scaling factors are added into the relationships that should be tuned heuristically using the static aeroelastic framework in Fig. 13 for the designC L = 0.510. For stiff wing problems, the coupled results and the uncoupled results are generally close and the scaling factors determined for the uncoupled model can be used. As even softer wing models are developed with higher vertical tip deflections, the usage of r 1 and r 2 factors become more necessary.
The factor r 1 is also used to represent a constant scaling factor to correct for mach number effects in Eq. 141. The relative percentage of aeroelastic wing tip deflection ( 
Summary of Aeroelastic Scaling
The scaling equations represented by Eqs. 144 and 145 are applied to the stiffness distributions of GJ and EI yy . While r torsion and r bending can be defined as functions of span, this would result in a more complicated scaling procedure. Instead, the values of r torsion and r bending are selected as single values applied to the entire baseline GJ and EI yy distributions. This simplification can be done because the wind tunnel model's aeroelastic behavior is scaled based on its tip deflection and tip twist.
Given a value of n scale = 10.3585, aeroelastic scaling of the wind tunnel model from the cruise condition of Mach number M f = 0.797, h = 36, 000 ft down to q ∞,w = 20 lb f ft 2 (M w = 0.116), sea-level is conducted, where the design lift coefficient isC L = 0.510. The scaling factors that were determined are summarized in Table 7 . 
C. Static Divergence
An analysis of the scaled down wind tunnel model is conducted to determine the divergence dynamic pressure q d , or the dynamic pressure in which the wind tunnel model will experience static divergence. Determining the divergence dynamic pressure places a restriction on the wind tunnel test condition and is important to analyze to ensure that the model will be able to be properly utilized at the wind tunnel test conditions. If the divergence dynamic pressure is significantly larger than the test condition of the tunnel, static instability does not pose a problem. This, however, does not preclude the possibility of the wind tunnel model experiencing dynamic instability due to aeroelasticity, or flutter. Flutter is not investigated within the scope of this study.
Torsional Divergence
Initially, a preliminary analysis of static divergence can be performed on the wind tunnel model focusing only on torsional divergence. Torsional divergence is a classically examined phenomenon due to the basic aeroelastic coupling in twist. 7, 15 Aerodynamic forces can cause a wing to twist nose-up (negative Θ). This nose-up twist increases the aeroelastic angle of attack α c on the wing sections. Since lift force is proportional to aeroelastic angle of attack, this can cause the wing to twist even more nose-up. Thus, a positive feedback loop exists between twist and angle of attack that can cause the wing to exceed its structural limitations and experience torsional divergence. The structural stiffness and aerodynamic stiffness matrices for the globally assembled finite-element system were previous represented as K a and K s in Eq. 85 and assembled by the element matrices in Eqs. 80 and 81. Let the global stiffness matrices be partitioned as follows:
where K s,t and K a,t are sub-matrices of the stiffness matrix elements corresponding to the torsional degrees-of-freedom θ 1 θ 2 ... θ n+1 , K s,b and K a,b are the sub-matrices of the stiffness matrix elements corresponding to the bending degrees-of-freedom w 1 w 1 w 2 w 2 ... w i w i ... w n+1 w n+1 , and K s,tb , K s,bt , K a,tb , and K a,bt are the coupling matrices. A torsional divergence analysis involves examining the matrices K s,t and K a,t . Four cases are examined using different scaling factors r torsion : The aerodynamic stiffness matrix K a,t is reliant on dynamic pressure as seen in Eq. 81, and static divergence occurs when the term K s,t + K a,t is non-invertible or singular. In order to evaluate this, let the determinant of the total stiffness matrix normalized to determinant of the zero-speed structural stiffness matrix be defined as
The wind tunnel test facility is limited at operating dynamic pressure q ∞ ≤ 60 lb f ft 2 . For this analysis, however, the value of Δ t is plotted versus q ∞ ranging up to q ∞ = 400 lb f ft 2 for illustration purposes. The value in which Δ t = 0 represents the divergence speed q d . A torsional divergence dynamic pressure of q d = 162 lb f ft 2 is observed for the first scaling case where r torsion is the smallest of the four scaling cases. The third scaling case has a torsional divergence dynamic pressure of q d = 274 lb f ft 2 , while the second and fourth scaling cases where r torsion ∝ 1 n 3 xcale have divergence dynamic pressures beyond q ∞ = 400 lb f ft 2 . It is clear that increasing the value of r torsion , and thus the torsional stiffness of the model, causes the torsional divergence dynamic pressure to increase due to the fact that the additional structural stiffness helps to prevent onset of structural instability. For all four scaling cases, the torsional divergence dynamic pressure is far beyond the desired wind tunnel test speed of q ∞,w = 20 lb f ft 2 , and thus, torsional divergence is not expected to be a problem for the test condition of the sub-scale wind tunnel model.
Coupled Static Divergence
An analysis of torsional divergence represents an uncoupled analysis of the static instability problem for aeroelasticity. The full FEM model developed in this study can actually be used to conduct a more refined analysis by examining the full K s and K a matrices in Eq. 85. Based on the sign of the terms in Eq. 81, aeroelasticity is expected to result in softening in torsion and stiffening in bending. The bending slope contributes to the aeroelastic angle attack through Eq. 46 and relieves the angle of attack, actually improving the divergence properties of the aeroelastic model and indicating that sole analysis of torsional divergence can actually be more conservative than the real system. Static divergence analyses for four scaling cases are examined: 
The value of Δ is plotted versus q ∞ to determine the value q d when K s + K a becomes singular. The results in Fig. 20 demonstrate the effect of modeling coupled bending-torsion on static divergence. The term Δ is positive for all the scaling cases within the dynamic pressure range examined. In fact, addition of the coupled bending-torsion consideration actually causes the term Δ to increase as dynamic pressure increases, indicating that static instability is not an issue for the model.
Let the total stiffness matrix be represented as
This can be expanded using Eqs. 146 and 147 as
The terms K s,tb and K s,bt are negligible because B 1 and B 2 in Eq. 18 are considered to be zero. Thus Eq. 151 becomes
The matrix in Eq. 152 can be expressed as
which allows the determinant to be calculated as
Because bending stiffness does not experience static instability, the determinant det(K s,b + K a,b ) is positive. While it is difficult to make any generalizations about the sign of the second determinant term in Eq. 154, it can be concluded, however, that static divergence occurs only if
It is possible that the final term in Eq. 155 can be always positive, det(K s,t + K a,t − K a,tb K −1 a,b K −1 s,b K a,bt ) > 0, based on the values of the elements in the stiffness matrices. This is the case for the aeroelastically scaled wind tunnel model whose results are in Fig. 20 where static divergence does not occur for the model. It can be seen that the torsional divergence problem is alleviated based on the −K a,tb K −1 a,b K −1 s,b K a,bt term in Eq. 155.
IX. Wing Twist Optimization
To complete the development of the wind tunnel model, the geometrically and aeroelastically scaled model needs to be re-twisted for the wind tunnel test condition. A new unloaded shape is developed such that when the flexible wing model is operating at wind tunnel test condition, it aeroelastically deforms to a deflected shape that has minimum induced drag or maximum L/D ratio. This tailors the model such that it becomes ideal for conducting trade studies and drag analysis. An optimization procedure is developed and applied to the sub-scale wind tunnel model.
A. Optimization Method
Optimization is achieved using an unconstrained gradient-based optimization algorithm. The foundation of a gradientbased optimization method is the determination of an optimal search direction which sufficiently minimizes the objective function, calculated using the function gradient information. For this particular problem, the objective function is not an explicit analytical function, but instead the static aeroelastic mapping developed in Fig. 13 . The input flight condition for the wind tunnel model is fixed, whereC L = 0.510, Mach number M = M w = 0.116, and altitude h = 0 corresponds to sea-level testing conditions. However, a new design input is added which allows a user to add additional twist onto the sub-scale model's existing pre-twist distribution. Let the design input be expressed as a x i which contains η individual variables that specify an additional twist distribution on the sub-scale model.
The models utilizes x i to control the wing twist shape, and the static aeroelastic model determines the aeroelastic shape of the (Θ,W ,W x ) and the angle of attackᾱ required for the static aeroelastic model to have a lift coefficient equivalent toC L . Aerodynamic modeling of the deformed shape also allows for the drag coefficient of the model C D , to be determined for the static aeroelastic model. For all intents and purposes, then, the static aeroelastic model can be seen as an equivalent functional mapping such that
where the objective function J c is accomplished by utilizing the static aeroelastic mapping. Because J c is not expressed analytically, the gradient of the objective function cannot be explicitly calculated and must be approximated. Let
. A forward finite-difference method is used to approximate the gradient about a known design point, x i,0 using the following:
The gradient of a function points in the direction of greatest increase, so a possible search direction is one in the exact opposite direction of the gradient itself. This is called the direction of steepest descent. However, while choosing steepest descent will result in convergence on a minimum, it is known to be slow and inefficient. 16 Therefore, several other methods have been developed to determine a more efficient search direction, such as the method of conjugate directions. 17 The conjugate direction method uses the following property of conjugate vectors
where [H] is a symmetric and positive-definite matrix. For a quadratic function, where [H] is the Hessian of the function, if conjugate search directions S are used, then the conjugate property produces a complete decoupling which results in the ability to optimize the function in exactly η line searches, where η is the number of problem design variables. While this method is the most efficient for exactly quadratic problems, it is also effective for non-quadratic functions.
To start the conjugate direction method, the first search direction, S 0 , is calculated using steepest descent since there is no prior gradient information. For following iterations, each updated search direction is found using information about the gradient at the current design point and the search direction from the previous iteration. The formula for updating the search direction at each iteration is
using the Polak-Ribière method, 18 one of several different possible β formulations. It is possible for the search direction to become ill-conditioned due to numerical imprecision or if the objective function is particularly non-quadratic. Therefore, it is necessary to monitor whether or not the conjugate search direction does not result in a sufficient decrease in the objective function and reset to steepest descent if necessary. There are two particular scenarios in which the search direction should be reset. The first situation occurs when the line search does not produce an improvement in the objective function. Second, each time a conjugate search direction is calculated, it should be compared with the gradient of the function at that design point. The closer the search direction is to the direction of the gradient, the less likely it is to result in sufficient decrease. In particular, the angle between the conjugate search direction vector and the negative of the gradient should be less than 90 • .
With the search direction determined, a one-dimensional optimization in the search direction, or line search, is conducted. For the line search, the design variable is the search step in the particular search direction. The formal statement of the problem is as follows:
where x k i are the actual problem design variables at iteration step k, S k is the search direction at iteration step k, and σ is the search step variable for the line search.
The line search consists of several steps in order to determine a minimum of the objective function in the search direction. First, basic bracketing 16 is used to determine a lower and upper bound between which a minimum in the objective function exists. With upper and lower bounds defined, the bracketed interval is further refined using the Golden-Ratio Search method. 16 This method uses the Golden-Section ratio value to reduce the interval around the minimum to a desired tolerance, in the fewest number of function evaluations.
For this method, two interior points in the interval are calculated using the following formulas:
where τ is derived from the Golden-Section ratio, and is given by
The objective function is then calculated at the two additional interior points, so that all four points, This process is continued until the interval has been reduced to a desired level of accuracy relative to the original interval.
Once the final interval bracketing the minimum has been calculated, the minimum of the objective function in the particular search direction can be approximated using a polynomial fit. In this case, since there are four points available from the Golden-Search method with four known function values, a cubic polynomial approximation of the objective function can be determined from which the approximate minimum can be calculated by finding the roots of the derivative of the polynomial approximation.
The result of the line search is the minimum of the objective function in the particular search direction and the corresponding minimum search point, σ * , which is then used to find the next design point as follows:
This design point is then used as the initial design point for the next iteration of the optimization. The method of calculating the search direction, performing a line search, and updating the search direction at the new design point is continued until a convergence criteria is met. For this problem, convergence is assumed when the absolute value of the objective function has not changed over several iterations.
B. Design Variable Distributions
The design variables for this particular wing twist optimization problem control the values of the additional twist to be added to the already existing jig-shape twist of the flexible wing. Let the wing pre-twistγ(x) be the existing pre-twist on the jig-shape of sub-scale wind tunnel model, positive nose-down, about the pitch axis of the wind tunnel model.
Let the total wing pre-twistγ be represented as
where Δγ(x) represents an additional pre-twist, positive nose-down, applied to the jig-shape on the wing about the pitch axis. The design variable x i controls the distribution of Δγ such that
Two different design variable cases are considered for the wing twist optimization: discrete point, and polynomial shape function coefficients.
Discrete-Point Design Variables
For the first case, the design variables to be input into the optimization method are the actual additional twist values at two discrete points on the wing. In particular, the points are at the wing break point due to the wing trailing edge extension x break , and the wing tip x tip . That is, for a discrete-point design variable optimization
The additional twist is also constrained to be zero at the wing root Δγ(0) = 0. The total twist distributionγ(x) is determined by linearly interpolating Δγ(x) across the wing span and adding it to γ(x).
Shape Function Design Variables
For the second case, the additional twist along the wing span is represented by Chebyshev polynomial functions. In particular, the following shape function is initially considered:
However, in order to compare directly with the discrete optimization and prevent a under-constrained optimization problem, the functions needs to be modified such that the additional twist is always fixed to be zero at the wing root, Δγ(0) = 0. This is done by subtracting the root value from Equation (170). For this particular model, the constant terms in the equation are eliminated.
Additional scaling of the shape function is done so that the polynomial coefficients stay nearby in order of magnitude. The location along the wing x is scaled by the length of the wing L. Therefore, the final shape function that is used to describe the wing twist distribution for the model is given as
The design variables for the shape function optimization are the four polynomial coefficients of the above shape function
x i = a 1 a 2 a 3 a 4 (177)
C. Optimization Results
The optimization framework is utilized to determine the new wind tunnel undeformed shape, such that when aeroelastically deformed at C L = 0.510, C D is minimized. This corresponds also to an optimized L/D for the wind tunnel test condition.
Discrete-Point Optimization
A series of optimization runs are conducted to minimize C D using wing pre-twist specified at discrete points along the wing. The value of the additional pre-twist is fixed such that no additional wash-out is added to the root Δγ(0) = 0, but the pre-twist at two locations on the wing are prescribed as design variables and linearly interpolated for stations in between. The two locations selected are the wing tip located at y tip = 5.388 ft, and y break = 1.793 ft along pitch axis or the y B −axis in Fig. 12 or the b b b 2 −direction in Fig. 8 . Without adding any additional pre-twist, the wind tunnel model has a C D = 0.03228. Four optimization runs are conducted using the discrete-point design input, each initialized at different starting values. The total amount of design variables for the discrete-point optimization is η = 2 corresponding to Δγ at the wing extension break and the wing tip.
The results of the value of the cost function J c or C D of the four optimization runs which were initialized at different starting values, are plotted in Fig. 21 . For this case with only η = 2, the optimization requires only a minimal amount of iterations before converging to the minimum C D value. The optimization result corresponded to C D = 0.03020, representing a 6.444% decrease in C D relative to the unoptimized wind tunnel model. The additional pre-twist distribution that is added to the wind tunnel model planform results are summarized in Table 9 , and a plot of the pre-twist distribution along the wing shown in Fig. 22 . It can be seen that a nose-up additional pre-twist Δγ is imposed on the wind tunnel model in order to reduce the C D value at the wind tunnel test condition. Deflection information for the static aeroelastic model for the un-optimized and the discrete-point optimized results are summarized in Table 10 . The lift distribution of the un-optimized and discrete-point optimized wind tunnel models undergoing aeroelastic deformation are also shown in Fig. 23 . The un-optimized model's lift distribution is generally triangular in shape, due in part to the aeroelastic deformation which causes the wing tip to twist nose-down. This nose-down aeroelastic deformation causes the lift distribution to shift towards the wing root. The addition of the optimized Δγ corrects this, however, and a new pre-twist is prescribed that twists the wing tip more nose-up as shown in Fig. 22 . The resulting lift distribution becomes more elliptical in shape.
Shape Function Optimization
A second series of optimization runs are conducted using the shape function in Eq. 176 to prescribe additional pretwist on the wing Δγ. In this case, the design input variable x i has increased to η = 4 degrees-of-freedom, where the input design variable represented in Eq. 177, corresponds to the shape function coefficients in Eq. 176. The shape function imposes no additional wash-out added to the root, or Δγ(0) = 0.
A total of seven optimization runs are conducted from different initial values, and the evolution and decrease in the value of C D as iterations are conducted is plotted in Fig. 24 . While it requires more iterations before the cost function decreases to a minimum value, Fig. 24 shows that the optimization is able to drive C D of the wind tunnel model at the test conditions down. The independent optimization runs also generally converge to similar minimum C D values. The lowest minimum C D value obtained in the optimization study was C D = 0.03018 corresponding to a 6.506% improvement from the un-optimized wind tunnel model shape. The shape function optimization C D result is lower than that of the discrete-point optimization, but is to be expected due to the fact that Δγ is parametrized by more degrees-of-freedom in the shape function optimization. The optimization result is summarized in Table 11 for the parameters of the shape function, where it is seen that normalization of the independent variable in Eq. 176 is able to return coefficient results of similar order.
Parameter
Value 4 1.3101 The optimization results translate into an additional pre-twist distribution Δγ(x) added to the wind tunnel model planform, and the distribution is shown in Fig. 25 . By using polynomial basis functions, the pre-twist distribution is a smooth continuous curve. The static aeroelastic model is used to obtain the deflection results for the un-optimized and the shape function optimized results, and the values are summarized in Table 12 . The lift distribution of the un-optimized and shape function optimized wind tunnel models are also shown in Fig.  26 . The lift distribution of the wind tunnel model with wing pre-twist optimized using shape functions is very similar to the lift distribution of the model with wing pre-twist optimized using the discrete-points. Both optimization results impose a nose-up twist onto the wing to counteract the nose-down twist due to aeroelastic deformation. 
Summary
The results of the discrete-point optimization and the shape function optimization are used to analyze the static aeroelastic model of the wind tunnel model. Lift curves and drag polars are plotted in Fig. 27 representing the flexible wind tunnel model, and the curves provide insight into the optimization results of the model.
Both the discrete-point optimization result and the shape function optimization result produce lift curves which are very similar to each other, and the lift curves for the optimized models are shifted upwards of the un-optimized lift curve. This means that the additional optimized pre-twist Δγ helps to recover the loss of lift due to the nose-down aeroelastic deformation of the flexible wind tunnel model.
The drag polar of the flexible sub-scale wind tunnel model is also affected when the optimized pre-twist Δγ is applied to the static aeroelastic model. Though slight, the drag polars of the optimized models are shifted, and the drag polar at the designC L value is lower than that of the unoptimized model. To recall, the discrete-point optimized model observed a 6.444% decrease in C D at the test condition relative to the un-optimized model and the shape function optimized model observed a 6.506% decrease. Because of the nose-up pre-twist applied that resulted in the shift of the lift curves of the optimized models, the vertical bending deflection W tip for the optimized models is higher. The higher lift also contributes to the moment about the elastic axis of the wing, thus driving Θ tip more negative, or nose-up.
The aircraft rigid body angle of attack is α, the aeroelastic deformation effect on the angle of attack is α e , and Δγ represents the additional prescribed wash-out determined through optimization-all about the aircraft pitch axis where α and α e are positive nose-up, and Δγ is positive nose-down. Let a new quantity α p be defined such that
where α p represents the angle of attack of a local section of the wing perpendicular to the pitch axis, positive nose-up, relative to the wind tunnel un-optimized jig-shape existing pre-twistγ. Thus, α p represents the effective angle of attack of a wing section relative to the un-optimized existing pre-twistγ. The value of α p,tip is plotted versus the aircraft angle of attack α for the aeroelastic wind tunnel models in Fig. 29 . The plot of α p,tip shows the physical angle of attack of the wing tip relative to the jig-shape for the un-optimized and optimized models, where it is the largest for the model optimized using the shape function. For an un-optimized model with a rigid planform, α p = α, and thus the plot of α p,tip for the un-optimized model demonstrates the effect of aeroelastic deformation only. Each plot of the optimized models, thus, represents the effect of re-twisting of the wing and the aeroelastic deformation due to the re-twisting. The static aeroelastic model is implemented on a full-scale wing model of the ESAC or GTM. In order to develop the sub-scale model, a scaling procedure is developed first by geometrically scaling the full-scale model to sub-scale, then by conducting aeroelastic scaling. Aeroelastic scaling is conducted to scale the torsional stiffness of the sub-scale model such that the relative twist to span ratio matches that of the full-scale model, and the bending stiffness is scaled such that the sub-scale model has 10% wing tip deflection. Additional aeroelastic scaling is conducted to take into account the lower dynamic pressure and mach number of the wind tunnel test relative to the full-scale model's cruise flight condition. Heuristic scaling factors are added to the scaling to account for coupled bending-torsion effects due to aerodynamic stiffening/softening. A static divergence analysis is conducted on the final, fully scaled flexible wind tunnel model to evaluate the risk of static instability of the model in wind tunnel testing.
X. Conclusion
A final design of the wind tunnel model is developed by re-twisting the model through optimization targeted at minimizing induced drag or maximizing L/D at the wind tunnel design test condition. The gradient-based optimization approach is based on utilizing one-dimensional line searches in conjugate search directions. Two optimizations are conducted: one where additional pre-twist is applied to the wind tunnel model by linearly interpolating between pretwist values specified at discrete points along the wing corresponding to the wing trailing edge extensions break and tip, and one where additional pre-twist is applied based on a shape function inspired by Chebyshev polynomials. The resulting optimized pre-twist of the wing is able to reduce the drag coefficient at the design test condition by 6.444% when optimized by specifying twist at discrete points, and 6.506% when optimized by specifying twist through a shape function.
The final result of the study is a flexible sub-scale wind tunnel model configuration with static aeroelastic similarity to the full-scale ESAC wing but with increased wing tip deflection and tailored for the design test condition. An aeroelastic model accompanies the developed configuration that can be used in future validation against wind tunnel testing. A clean wing model is analyzed, but investigation of the VCCTEF control surface can further use the model developed in future studies.
